On the minimum of a polynomial function on a basic closed 
semialgebraic set and applications 

Gabriela Jeronimcr'* Daniel Perrucci^'*, Elias Tsigaridas^ 

<v> Departamento de Matcmatica, Facultad de Ciencias Exactas y Naturalcs, Univcrsidad dc Buenos Aires 

and IMAS, CONICET 
U Computer Science Department, Aarhus University 

o . 

(N) , December 5, 2011 

O 

Q 

fN| ' Abstract 

We give an explicit upper bound for the algebraic degree and an explicit lower bound for 
■ the absolute value of the minimum of a polynomial function on a compact connected compo- 

| nent of a basic closed semialgebraic set when this minimum is not zero. As an application, 

we obtain a lower bound for the separation of two disjoint connected components of basic 
closed semialgebraic sets, when at least one of them is compact. 



(N 



1 Introduction 



Let T C K n be a basic closed semialgebraic set denned by polynomials with integer coefficients 
and let C be a compact connected component of T. The first aim of this work is to find bounds 
' 5 > and b > such that if the minimum value that a polynomial g € Z[xi, . . . ,x n ] takes 

. over C is not zero, then it is an algebraic number of degree at most 5 and its absolute value is 

greater or equal to b. We look for explicit bounds 5 and b in terms of the number of variables, 
the number of polynomials defining T and given upper bounds for the degrees and coefficient 
size of these polynomials and g. Such explicit bounds are of fundamental importance in the 
complexity analysis of symbolic and numerical methods for optimization and polynomial system 
solving (see, for instance, [T]). 
^ ■ A standard technique to handle optimization problems with inequality constraints is to use 

the Karush-Kuhn- Tucker conditions (see [131 Chapter 12]). In [11 J . this approach is combined 
with deformation techniques to obtain the algebraic degree of the minimizers in polynomial 
optimization over subsets of M n defined by at most n polynomials under certain non-degeneracy 
assumptions. 
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In this paper, we consider the minimization problem for an arbitrary family of polynomial 
constraints. Since the system which gives the critical points for g on T may not satisfy the 
required hypothesis or may provide us with an infinite set of possible minimizers, we use the 
deformation techniques in [S] which follow the spirit of [21 Chapter 13]. The deformation enables 
us to deal with 'nice' systems which, in the limit, define a finite set of minimizing points. A 
careful analysis of the perturbed systems combined with resultant-based estimations relying on 
[16] leads us to the explicit bounds (see [3], [5], [6] and [7] for similar applications of these 
techniques). Our main result is the following: 

Theorem 1 Let T = {i E R" fi(x) = ■■■ = /,(*) = 0,f l+ i(x) > 0,...,f m (x) > 0} be 
defined by polynomials /i, . . . , f m € Z[x±, . . . , x n ] with degrees bounded by an even integer d and 
coefficients of absolute value at most H , and let C be a compact connected component ofT. Let 
g € Z[zi, . . . ,x n ] be a polynomial of degree do < d and coefficients of absolute value bounded by 
Ho < H. Then, the minimum value that g takes over C is a real algebraic number of degree at 
most 

2 n-l d n 

and, if it is not zero, its absolute value is greater or equal to 

(2^Hd n r n2nd \ (i) 

where H = m&x{H, 2n + 2m}. 

We also show that the previous result holds for non-compact connected components of T 
having a compact set of minimizers for g (see Theorem 1 12|) . 

Usually solutions of optimization problems are algebraic numbers, hence it is natural to study 
the degree of the minimal polynomial that defines them [12] . Our bound for the degree can be 
seen as an extension of the result in |llj . In addition, we present an explicit lower bound for 
the absolute value of the minimum. This bound can be applied, for instance, to get an explicit 
upper bound for the degrees in Schmudgen's Positivstellensatz (see [HI Theorem 3]). 

A further application of our main result, which is in fact the original motivation of this 
work, is an explicit lower bound for the separation between disjoint connected components of 
basic closed semialgebraic sets. Bounds of this kind can be applied to estimate the running time 
of numeric algorithms dealing with polynomial equations and inequalities (see, for instance, 
[2], [H])- For isolated points, the problem has already been studied both in the complex and 
real settings (see, for instance, [3], [5], [6]). Our result, which includes positive dimensional 
situations, is the following: 

Theorem 2 Let T-y = {x € R n | f x {x) = ■ ■ ■ = f h {x) = 0,f h+l (x) > 0, . . . , f mi (x) > 0}, 
T 2 = {x € R n | gi(x) = ■■■ = g h {x) = 0,gi 2+1 (x) > 0,...,g m2 (x) > 0} be defined by poly- 
nomials fi, . . . , f mi ,gx,..., g m2 £ ZLXi, . . . , X n ] with degrees bounded by an even integer d and 
coefficients of absolute value at most H . Let C\ be a compact connected component of T\ and 
C2 a connected component of Ti . Then, if C\ H C2 = 0, the distance between C\ and C2 is at 
least 

{2 A ~ n Hd 2n )~ n22nd2n 
where H = m&x{H, An + 2m\ + 2m2}. 
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The paper is organized as follows: Section [2] is devoted to proving the bounds for the mini- 
mum. First, we introduce the deformation techniques we use and prove some geometric proper- 
ties of this deformation which, in particular, enables us to give a characterization of minimizers 
as solutions to a polynomial system; then, we prove Theorem [TJ In Sectional we prove Theorem 
[2] and present an easy example to show that the double exponential nature of our bounds is 
unavoidable. 

2 The minimum of a polynomial function 

Let fi, . . . , f m ,g G Z[xi, . . . , x n ] with n > 2, d an even positive integer such that deg(/i), . . . , deg(/ m ) < 
d, and do = deg(g) < d. Let H G N be an upper bound on the absolute values of all the co- 
efficients of /i, ■ • • ,/ m and Hq G N, Hq < H, an upper bound on the absolute values of the 
coefficients of g. Let T = {x G M n | f x (x) = ■ ■ ■ = fi(x) = 0, fi+i(x) > 0, . . . , f m (x) > 0} and let 
C be a compact connected component of T. 

2.1 The deformation 

Here we introduce some notation that we will use throughout this section. Let 

• A G 2)( m + 1 ) x ( n + 1 ) ; A = (ajj)o<i<m, o<j<n be a matrix such that each of its submatrices 
has maximal rank and > for every i,j. 

• For every 1 < i < m, fi(x) = Y%=i a ij x j + a *o, -^ + (^) = fi(x) + tfi(x) and F~(t,x) = 
fi{x) - tfi(x). 

• 9{ x ) = Ej=i aojXj + «oo and G(t, x) = g(x) + tg(x). 

• For every 5 C {1, . . . , m} and a G {+, — } s , 

W s ,a = {{t,x) G A x A n | Fp(t,x) = for every i G S}, 

Zs,a = {(t,x) G A x A n I (t,x) G Ws, a and {V x Fp (t, x), i G S} is linearly dependent}, 
and 

V s ,a = {{t, x, A) G A x A n x F* s | {t, x) G W s , a and 
X V x G(t, x) = Y, ^xFp (t, x)}, 

where A and P denote the affine and projective spaces over the complex numbers respec- 
tively. There are Y^hLi = 3 m — 1 different sets Ws :(7 ■ We consider the decomposition 
of W s ,a as W s ,a = Wfl U W { sl U W s ,a, where 

- Wfl is the union of the irreducible components of Wsa included in t = 0, 

- W { sl is the union of the irreducible components of Ws, a included in t = to for some 
t G C - {0}, 

- Ws,(t is the union of the remaining irreducible components of Ws,o, 
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and the analogous decompositions of Zs,a- an d Vs,a as %S,o = 4°1 ^ 41 ^ ^S,a and 
^ = U V$ U y Sj(T respectively. 

• For a group of variables y, IL y will indicate the projection to the coordinates y. 

We start by constructing a matrix A satisfying the conditions required above and bounding 
their entries. 

Lemma 3 There exists a matrix A 6 Z ( m+1 ) x ( n+1 ), A = (ay)o<j<m, o<j<n, suc/i i/«zi eac/i o/ 
its submatrices has maximal rank and < a^- < 2(n + m) /or every 

Proof. Let p be a prime number such that n + m + 2 < p < 2n + 2m + 1, which exists by 
Bertrand's postulate. 

Consider the Hilbert matrix A\ = )o<i<m, o<j<n, which is a particular case of a Cauchy 

matrix; therefore, every submatrix of A\ has maximal rank. Let Ai = (n + m + 1)!Al; then, 
^ 2 g Z (m+l)x(n+l) and the positive prime factors of every entry of A^ are prime numbers lower 
than or equal to n + m + 1. Looking at the formula for the determinant of Cauchy matrices, 
one can see that the determinant of every square submatrix of A<i is an integer (different from 
0) such that all its prime factors are lower than or equal to n + m + 1. 

Finally, take A as the matrix obtained by replacing every entry of A2 by its remainder in the 
division by p, which is never equal to 0. Then it is clear that A has the required properties. □ 

Before proceeding, we will state two basic facts about the varieties previously defined. We 
postpone the proof of these results to Section 12.31 

Lemma 4 Let S C {1, . . . , m} and a 6 {+, — } s . If #S > n, the variety Ws,a is empty. 
Lemma 5 For every S C {1, . . . ,m} and a € {+, — } s , the variety Zs i(T is empty. 

2.2 Geometric properties 

For every t > 0, let 

T t = {xGR n I F+(t,x)>0,...,F+(t,x)>0, F+ 1 (t,x)>Q,...,F+(t,x)>0, 
Ff(t,x) <0,...,F-(t,x) <0}. 

As fi(x) > for every 1 < i < m and x € M n , it is clear that: 

• If < h < t 2 , then T tl C T ta , 

• T = T. 

Since T is a closed set, its connected components are closed. Then, since C is a compact 
connected component of T, there exists /i > such that dist(C, C) > 2fi for every connected 
component C of T, C ^ C. Let us denote 

C M = {x G M n I dist(x,C) < //}. 
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Lemma 6 There exists to > such that for every < t < to, the connected component of Tt 
containing C is included in C^. 

Proof. Assume the statement does not hold. Let (ifc)fceN be a decreasing sequence of positive 
numbers converging to such that, if Ct is the connected component of Tf k containing C, then 

Since C' k is connected, contains C and intersects the set {x G W 1 | dist(x,C) > fx}, there 
is a point r k G C' k with dist(rfc,C) = \i. Since (r k ) k€ fq is a sequence contained in the compact 
set {x G W 1 | dist(x, C) = fi}, it has a subsequence which converges to a point r such that 
dist(r, C) = fi. Without loss of generality, we may assume this subsequence to be the original 
one. 

On the other hand, since r k G C' k C Tt k , we have that, for every 1 < i < m, 

F+{t k ,r k ) > 0, and so, F+(0,r) = lim F+(t k ,r k ) > 0, 

k— >oo 

and, for every 1 < i < I, 

Fr(t k ,r k ) < 0, and so, Fr(0,r) = lim Fr(t k ,r k ) < 0. 

k—too 

This implies that r G T, leading to a contradiction, since there is no point in T whose distance 
to C equals fx. □ 

The following proposition shows that in order to obtain minimizers for the polynomial func- 
tion g on the compact connected component C it is enough to consider polynomial systems with 
at most as many equations as variables. 

Proposition 7 There exist z G C, S C {1, . . . , m} with < #S < n, and a G {+, — } s with 
o~i = + for I + 1 < i < m, such that (0, z) G TLu x \(Vs,a) an d g( z ) — min{g(x) \ iEC). 

Proof. Let to > be such that: 

• for every < t < to, the connected component of Tt containing C is included in C^, 

. for every S C {1, . . . , m}, a G {+, -} s and t G n t (W$) U n t (zgi) U n t (yjj), t < |t|. 

Let (tfc)fcGN be a decreasing sequence of positive numbers converging to with t\ < to. 
Consider the connected component C' k of Tt k which contains C (note that Ci is a compact set) 
and let z k be a point in C k at which the function G(t k , ■) attains its minimum value over C' k . Since 
the sequence (z k ) k£ ^ is bounded, it has a convergent subsequence; without loss of generality, we 
may assume this subsequence to be the original one. Let z = lim^oo z k . Proceeding as in the 
proof of Lemma El we have that z G C. 

In order to see that g(z) = min{<7(x) | x G C}, note that for every x G C C C' k , we have that 
G(t k ,z k ) < G(t k ,x) for every k; therefore, 

g(z) = G(0, z) = lim G(t k ,z k ) < lim G(t k ,x) = G(0, z) = g(x). 

k—too k— >oo 

Now, for every k and every x G W 1 , at most one of the polynomials F- -(t k ,x) and F^(t k ,x) 
may vanish, since fi{x) > 0. For every k G N, let 

5 fc = {z G {!,...,/} | F+(t k ,z k ) = or z fc ) = 0} U {i G {/ + !,..., m} \ F+{t k , z k ) = 0}. 
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Without loss of generality, we may assume that S k is the same set S for every k G N; moreover, 
we may assume that, for each i G S, it is always the same polynomial F^(t k ,z k ) or F[~(t k ,z k ) 
the one which vanishes, thus defining a function a G {+, — } s . 

Since (t fc ,2 fc ) € Ws, CT , * fc n t (W^ U w£J) and Ws )(7 = if #5 > n (Lemma H, we have 
that #S < n. In addition, since t k H^Zg U Zg^) and = (Lemma [5]), it follows that 

(t k ,z k ) $ Zs,a'i therefore, {S/ x F° l (t k , z k ),i € 5} is a linearly independent set for every k G N. 
Finally, since the function G(t k , •) attains a local minimum at the point z k when restricted to 
the set {x G M. n \ F^ l (t k ,x) = for every i G S}, by the Lagrange Multiplier Theorem, there 
exists (\i t k)ies such that 

V x G(t k ,z k ) = ^X itk V x Fp(t k ,z k ). 

ies 

Therefore, (t k , z k , (1, {h,k)ies)) G Vs j(T ; but since i fe G" n t(^i°i u ^j); we conclude tnat 
(t k ,z k ,(l,(X ijk ) ie s)) € Vs )lT . Without loss of generality, we may assume that (1, (X itk ) ie s)keN 
converges to a point (A , (Aj,o)ies)) G P* 5 '; then (0, z, (A , (Xi,o)ies)) G Vs )lT and, therefore, 
(0, z) G IL f )!r \ (Vgy) as we wanted to prove. □ 

2.3 Obtaining the bounds 

In this section we prove Lemmas H] and [5] and we do the estimates to obtain the bounds we are 
looking for. 

Notation 8 For p G <Q[x±, . . . ,x n ] and e G N, e > degp, h(p) e will denote the polynomial 
Xqp(xi/xq, . . . , x h /xq) G Q[xq, . . . , x n ] which is obtained by homogenizing p up to degree e. 

• For every 1 < i < m, 



n 

d 



F+(t ,t,x ,x) = t h(fi)d(xo,x) +th(fi) d (x ,x) = t h(fi) d (x ,x) +t j ^ OjjXj 



n 

F~(t ,t,x ,x) = t h(fi) d (x ,x) -th(fi) d (x ,x) = t Q h(fi) d (x ,x) - t I ^ ajjxj 



For S C {1, . . • , m} and a G {+, — } s , for every 1 < j < n, 



Gs,a,j(t ,t,x ,x,X ,X) = to h ( X -^- - y^Aj-^ ] +th( A 7p- - X^^TT^ 

V ax J ies ax i) d - x V ° Xj ies j / d -i 



( A 4l;Li-I>Kl|Li) +tdxd r 1 U^-£WyJ 



Proof of Lemma [7} Consider the polynomials Fp for every i E S. These polynomials are bi- 
homogeneous in the sets of variables (to,t), (xo,x)\ therefore, they define a variety Ws,a m 
pi x pre ^^ic^ contains Ws,c when embedded in F"). Now, the fiber 117 ^(0,1) with respect 
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to the projection ~n-(t ,t) '■ W s,a ~ * H 3 " 1 is given by the set of common zeroes of the polynomials 
'Y^j=o a ij x< j f° r i € S. But this system has no solution in P n , since, by the assumption on A 
and the fact that #S > n, the matrix (aij)iGS,o<j<n has maximal rank n + 1. We conclude 

that ILn 0jt \(W s,a) is not equal to P . Since P n is a complete variety, ILu 0it )(Ws,a) is closed and 
hence, it is a finite set. Therefore, Wga = 0- D 

Proof of Lemma\J^ Consider the variety i?s )0 - defined in P 1 x P" x f# s ~ l by the polynomials 
F?*, i G S, and each of the n components of the vector ^2 ieS AjV^F^. Note that the projection 
to P 1 x P n of Zs,a contains Zs tCT (when embedded in P 1 x P n ). Consider the projection II( i0ii ) : 



Zs^a — >• P 1 . We will show that the fiber II, 1 , (0, 1) is empty or, equivalently, that the system 



Y^dijXj = i G S 
dx^~ l y^ajaijXi = j = 1, . . . , n. 

has no solution in P n x P# 5_1 . Assume, on the contrary, that (xq,x,X) is a solution and let 
k = #{j G {1, . . . , n} | xj = 0}. When specializing x in the second set of equations, we get a 
linear equation system for A consisting of n — k linearly independent equations in #S unknowns 
which has a non-trivial solution; hence #S > n+l — k. This implies that the first #S equations 
do not have a common solution in P n with k vanishing coordinates. 

We conclude that Hr t0tt -\(Zs ia ) is not equal to P 1 . Since P n x P* 5 " 1 is complete, as in the 
proof of the previous lemma, it follows that Zs l(T = 0- D 

Now we use the previous constructions to derive our bounds. We will define univariate 
polynomials Qs,a(U) having the minimum that g takes over the compact connected components 
of T as roots and we will obtain our bounds by means of these polynomials. Let 

P(U,x ,x) = Uxf j ° - h(g) do (x ,x). 

For 5 C {1, ... , m} with #S < n and a G {+, -} s , let 

RsA^U) =Res {X)Xoh{XM) {P;Ff i ,i G S;G s ,a,jA < j < n) G Z[to,t,U], 

where Res^^p^) denotes the bihomogeneous resultant associated to the bi-degrees of the 
polynomials involved: (do,0), (d, 0) repeated s times, and (d — 1, 1) repeated n times. 

Lemma 9 The polynomial Rs,a(to,t, U) is not identically zero. 

Proof. Let S be the polynomial system 

Fp(t ,t,x ,x) = i G S, 
Gs,cr,j(to,t,x ,x,\ ,\) = 1 <j < n. 

By specializing (to,t) = (0,1) in the polynomials of the system S, we get the following 
polynomial system of equations: 

n 

aijx'j = i G S, 
dx d ~ x a j\o - ^2 o-iaijXi =0 1 < j < n. 
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We will show that 5oo has finitely many solutions in P n x V s , none of them lying in the hyperplane 
{xq = 0}. As a consequence of this fact, it follows that the only roots of Rs,a(0, 1, U) are the 
finitely many values g(x) where Ao,A) is a solution to Soo; therefore Rs !<T (to,t,U) is not 
identically zero. 

First, note that if (xq, x, Ao, A) is a solution to <Soo, the last n equations of this system imply 
that, for every 1 < j < n, either xj = or aojAo — YlieS a i a ij^i = 0- Let us show that, for every 
J C {1, . . . , n}, the system has only finitely many solutions such that Xj = if and only if 
j 6 J. For a fixed J, these solutions are the solutions to 

[jfJ I *GS 

Taking into account that any submatrix of has maximal rank, we have that: 

• If #J > n — s, the system sil' J ^ implies that Xj = for every j £ J, contradicting the 
definition of J. 

(2 J) 

• If # J < n — s, then Soo' has a unique solutions (Ao, A) = 0, since it consists of at least as 
many equations as unknowns; then, S^o has no solutions in P n x P s corresponding to J. 

• If j^J = n — s, has a unique solution in P s . On the other hand, Soo' J ^ has no solutions 
with xo = and exactly d s solutions with xq = 1. 

□ 

Write Rs,v(to,t, U) = i es > CT Rs,a(to, t, U) with es, a S No and Rs,a(to,t, U) not a multiple of t. 
Note that i?s !(T (l, t, g(x)) vanishes on H(t x ) (Ys,a-) and so, Rs^O-, t, g(x)) vanishes on Ufax) (^S>)- 
Let 

QsAU) =RsA 1 AU). 

Proposition 10 The polynomial Qs,a(U) € 7h\U\ is not identically zero. The degree of Qs,a(U) 
is at most 

l )d s (d-l) n ~ 



where s = #S, and its coefficients have an absolute value lower than 



iVi-i )\ N2-1 ) V ^3-1 / ' 



M s ,a = (2H ) Ml (2H) sM2+nMs d nM,i Nl h N s 2 kh Nf h 
where 

• H = m&x{H, 2n + 2m}, 

• m x = Qd s {d-\) n - s , m 2 = {^dud^td-iy- 8 , M 3 = ( n ; 1 )d d s (d-i)"- s - 1 

• N l = { d °n n )> N 2 = { d+ n n ), N 3 = ( d -^ + ")( S + 1). 
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Proof. Since Rs !(T (to,t,U) is homogeneous in the variables to,t and it is not a multiple of t, it 
follows that Qs,a{U) is not identically zero. 

The degree of the polynomials fi is bounded by d and their coefficients are of absolute value 
at most H. The corresponding quantities for g are do < d and Hq. By abuse of notation, let A 
be an upper bound for the absolute values of the elements of the matrix A. Prom Lemma El we 
may assume A < 2(n + m). 

We deduce that P € (Z[C/])[xo,x] is a polynomial of degree do and its coefficients are 
linear polynomials in U with coefficients of magnitude at most Hq. Also, F^fo, t, xq, x) € 
(Z[to,t])[xo,x] are polynomials of degree d and their coefficients are linear forms in (to,t) with 
coefficients of magnitude at most H. Finally, Gs,a,j{to,t,xo,x, Xo, X) £ (Z[tQ,t])[xQ,x, Xo, X] are 
bihomogeneous polynomials in ((xq,x), (Xq, A)) of degree d — 1 in the variables (xo,x) and lin- 
ear in the variables (Ao,A), and their coefficients are linear forms in (to,t) with coefficients of 
magnitude at most dH. 

We compute the resultant Rs, a that eliminates (xo, x)(Xo, A), which is a polynomial in 
(Z[[/])[to, t]. Recall that the bihomogeneous resultant Res^^a^o) of a bihomogeneous system 
of n + s + 1 polynomials consisting of a polynomial of bidegree (do, 0), s polynomials of bidegree 
(d, 0) and n polynomials of bidegree (d — 1, 1) is a multihomogeneous polynomial of degree 

Mi =Bez((d,0),s;(d-l,l),n) = Q(f (d- l) n " s 

in the coefficients of the polynomial of bidegree (do,0), of degree 

M 2 = Bez((do, 0), 1; (d, 0), s - 1; (d - 1, 1), n) = Q c^" 1 ^ - l) n " s 

in the coefficients of each of the s polynomials of bidegree (d,0), and of degree 

M 3 = Bez((d , 0), 1; (d, 0), s; (d - 1, 1), n - 1) = ( U ~ X \ d d s (d - l)"" 5 " 1 



in the coefficients of each of the n polynomials of bidegree (d — 1, 1). Here Bez(<ii, s±; . . . ; d r , s r ) 
denotes the Bezout number of a bihomogeneous system formed by Sj polynomials of bi-degree 
di = (di,i,di,2) for 1 < i < r (see [151 Chapter IV, Sec. 2]). 
It follows that Rs,a is a sum of terms of the form 

paJJPi J] 7j , (2) 

where p 6 Z is a coefficient of the bihomogeneous resultant Res^ jX ) 5 (a,a )' q denotes a monomial 
in the coefficients of P of total degree Mi, denotes a monomial in the coefficients of F^ 1 of 
total degree M 2 for every i € S, and 7j denotes a monomial in the coefficients of Gs >a ,j of total 
degree M3 for every 1 < j < n. In particular, the degree of Rs,a in the variable U is at most 
Mi. 

Note that the polynomial Qsa(U) is the coefficient of Rs,a G (Z[?7])[io 5 £] corresponding to 
the smallest power of t. Therefore, 

degQsAU) < de gu RsAU,to,t) < M 1 = ( n )d s (d - l) n ~ s . 
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In order to estimate the magnitude of its coefficients, we may set io = 1 in Rs,a and, by 
abuse of notation, write Rs,a for the specialized polynomial. For every k, we will compute an 
upper bound for the magnitude of the coefficients of the polynomial in Z[{7] that appears as 
coefficient of t k in Rs,a- 

First, we apply [161 Theorem 1.1] to bound the coefficients p € Z of the resultant Res( X0)!r w^ 0j ;o. 
We obtain: 

\p\ < N™ 1 (N* h ) s (N^ 3 ) n , (3) 

where N\ = ( °^~ n ) and N 2 = ( d ^ n ) are the cardinalities of the supports of generic homogeneous 
polynomials of degrees do and d respectively, and N3 = ( d ~l^~ n ) (s + 1) is the cardinality of the 
support of a generic bihomogeneous polynomial of bidegree (d — 1, 1) in (xq,x), (Ao, A). 

Note that a € Z[{7] is a polynomial in U with integer coefficients and degree bounded by 
Mi, and the absolute value of the coefficient of the power in a Ml is at most 



H^-i <(2H ) Ml . (4) 

On the other hand, the product Hies A Y\i<j<n^j ^ ^ s a polynomial in the variable t 
with integer coefficients, which is a product of SM2 linear factors that are coefficients of the F^ 1 
and nMj, linear factors that are coefficients of the Gs, a ,j- Thus, for a fixed k, using the upper 

in this product is at most 



bounds on the coefficients of the polynomials and Gs a j, it follows that the coefficient of t k 



S M 2 + nM 3 \ ~ sM2 ^nM 3 < ( 2 jjyM 2 +nM 3d nM 3 _ (g j 

Finally, taking into account the multihomogeneous structure of the resultant, it follows that 
Rs, a is a sum of at most 

Mi + Ni - 1\ (M 2 + N 2 - lVfM 3 + N 3 - l\ n 

N!-l J\ N 2 -l J \ N3-I J U 

terms of the form ([2]). 

Combining the upper bounds ([3]), (jU), (|5|) and ([6]) we obtain the stated upper bound for the 
absolute value of the coefficients of Qs,a(U). □ 

We can prove now the main result of the paper: 

Proof of Theorem^ By Proposition [TJ the polynomial g attains its minimum value over C at a 
point zq £ C such that (0, z$) € II( t x ) (Ys,o) fo r certain S C {1, . . . , m} with < #S < n, and 
a € {+, — } s with dj = + for I + 1 < i < m. Now, for every (0, z) G Hu x ){Vs,a-)i we have that 
Qs,Mz)) = 0. 

Then, if s = #S, Proposition [10] implies that g(zo) is an algebraic number of degree at most 
(^jd s (d— l) n ~ s < 2 n ~ 1 d n . Furthermore, if g(zo) 7^ 0, its absolute value is greater than or equal 
to Mgl (see [TD1 Proposition 2.5.9]). 

We keep the notation in Proposition 1101 In order to get the stated bound for the minimum, 
we use the following facts: 

• iVi,JV 2 < §cT, 
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• -^3 < \d n : for n = 2 and n = 3 the bound holds easily, for n > 4, 

iVs < (n+Dll^^ < (n + DdfSai:)"- 1 < (n^dUd-l^ + lY- 1 < 
- LJ - z \n — 1/ V n — 1 / 

i=i 

(\ n— 1 -, Q 

(d - 1)0.47 + 1J < (n + l)0.74 n " 1 ( i n < -cf\ 

• ( M S-r X ) < 2Mi+Ni for 1 < i < 3. 
Then we have 

M s a < 2 2 ( Ml+sM2+nM '^ + ( log2 ^~ l ^ Ml+sA ^ 

^M 1 +sM2+nM 3 m(M 3 +M 1 +sM2+nM 3 ) 

Since M x + sM 2 + nM 3 < (n + l)(")d n < (n + l)2 n - 1 d n and Af 3 < 2 n ~ 2 d n , we have 

M 5fT < 2((( 31 °g2(3)+l)n+21og 2 (3)+2)2"- 2 + §^ 

and taking into account that H > 6 and d >2, we obtain 

M s a < 2((- 2n2+ ( log 2( 3 ) +2 ) n+41og 2( 3 ) +4 ) 2 "~ 2+ f( n+1 )+! n ) d ™# n2 ™ Q!n ( i ri22 ' ld ™. 
Finally, the result holds since for n > 2, 

(-2n 2 + (log 2 (3) + 2)n + 41og 2 (3) + 4)2"~ 2 + |(n + 1) + < (4 - |)n2". 

□ 

Remark 11 T/ie algebraic degrees of the coordinates of a minimizer are also bounded by 2 n ~ 1 d n . 
This can be seen simply by replacing the polynomial g by a coordinate xi in the previous con- 
struction, namely, taking P(U,xq,x) = Uxq — X{. 

In applications (see Section [3]), sometimes the minimization of a polynomial g needs to be 
done over a component not necessarily compact, but with a compact set of minimizers. The 
result in Theorem [JJ can be extended to this situation: 

Theorem 12 Let T = {x E W 1 \ h{x) = ■■■ = f t (x) = 0,f l+l {x) > 0,...J m (x) > 0} be 
defined by polynomials fi,...,f m € Z[x\, . . . , x n ] with degrees bounded by d and coefficients of 
absolute value at most H, and let C be a connected component of T . Let g € Z[xi, . . . ,x n ] be 
a polynomial of degree do < d and coefficients of absolute value bounded by Hq < H , and let 
9min,C the minimum value that g takes over C. Assume that the set 

C m in = {z € C \ g(z) = SWn,c} 

is compact. Then, g m in,c is an algebraic number of degree at most 2 n ~ 1 d n and, if it is not zero, 
its absolute value is greater or equal to (2 4_ 2 Hd n )~ n2ndn . 
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Proof. Take M G R so that C m j n C -6(0, M), and let C be the connected component of the set 

n 

T' = {xe R n | fx{x) = ■■■ = f t (x) = 0, f l+1 (x) > 0, . . . , > 0, (M + l) 2 - x\ > 0} 

i=i 

which contains C m j n . Note that C" is compact, since T' is bounded. 

By Proposition there exist zq G C", 5 C {1, . . . , m + 1} with < n and cr G {+, — 
such that (0, Zq) G II( f)a .)(Vs , ,o-) (for the corresponding variety Vs, a associated to the equations of 
T') such that g(z ) = 5 min ,c- 

Since (M + l) 2 — Y17=i( z o,i) 2 7^ ^' we nave that 5* C {1, . . . , m} (see the proof of Proposition 
UJ). Now the result follows by Proposition [TO} proceeding as in the proof of Theorem [TJ □ 

3 Bounds for the separation between disjoint connected com- 
ponents of basic closed semialgebraic sets 

In this section we will apply our previous results to the case when g is the square of the Euclidean 
distance in order to obtain bounds for the separation between two disjoint (and at least one 
compact) connected components of semialgebraic sets defined by non-strict inequalities. In 
particular, this gives a separation bound for two connected components of a closed semialgebraic 
set provided that one of them is compact. 

Proof of Theorem UJ We have that C\ x C2 is a connected component of the set T\ x T2 = 
{(x,y) G R 2n I h(x) = ••• = f h (x) = 0J h+ i(x) > 0,...,f mi (x) > 0, gi (y) = ■■■ = g h (y) = 
0,gi 2+ \(y) > 0, . . . ,g m2 (y) > 0}, and if D(x,y) = Y^i=i( x i ~ y«) 2 ' then the minimum value that 
D takes over C\ x C2 equals dist 2 (Ci, C2) > 0. In addition, the set{(x, y) G C\ x C2 | dist(x, y) = 
dist(Ci, C2)} is bounded and, therefore, compact. Then, the result follows from Theorem[T2J □ 

Example 13 Consider d, H, n G N with even d and fi, ■ ■ ■ , f n & %[xi, . . . , x n ] defined by 

f 1 (x)=Hx 1 -l, f i {x)=x i -xj_ 1 for2<i<n-l, f n (x) = x 2 n - x d n _ x . 

The set {x G M n | fi(x) = ■ ■ ■ = f n (x) = 0} equals {p,q} with 

p = (H-\H~ d , . . . , H- dn ~\ H-^~\ q = (H-\H~ d , H^ 2 , -H^ 1 ) 

and the distance between p and q is 2H~2 d ™ 1 . This shows that the double exponential nature of 
our bound is unavoidable even in the case of different connected components of a single closed 
semialgebraic set. 
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